For Reference 


NOT TO BE TAKEN FROM THIS ROOM 





Ex AIPRIS 
UNINERSTLACIS 








Digitized by the Internet Archive 
In 2022 with funding from 
University of Alberta Libraries 


https://archive.org/details/Wong1971 








THE UNIVERSITY OF ALBERTA 


TOPICS IN SCATTERING THEORY AND 


VENEZIANO MODEL 


BY 


AN-NYOH WONG 


A THESIS 


SUDMITTED TO,THE, FACULTY OF GRADUATE STUDIES 


IN PARTIAL FULFILMENT OF THE REQUIREMENTS FOR THE DEGREE 


OFS DOCTOR-OR- PHuLLOSOPHY 


DEPARTMENT OF PHYSICS 


EDMONTON, ALBERTA 


PAGIn# 19771 





UNIVERSITY OF ALBERTA 


FACULTY OF GRADUATE STUDIES 


The undersigned certify that they have read, and 
recommend to the Faculty of Graduate Studies for accep- 
tance, a thesis entitled TOPICS IN SCATTERING THEORY 
AND VENEZIANO MODEL, submitted by Nan-Nyoh Wong in 
Parti aterurrriment GL the requirements forthe “degree 


eDePoccor Of *Phiilosopny ¢ 





ABSTRACT 


This thesis is divided into two parts. 


Part I 


knethesustale NADicalculataons for the partial 
waves in potential scattering only the left hand singu- 
larities nearest the threshold are taken into account. 
This SoMa Gio does not yield a partial wave ampli- 
encew(tor (62 1) ysatistying the threshold condition’ that 
the partial wave amplitudes behave like s* near thres— 
Holds sinethivs part, ot the thesis an additional pole is 
introduced to simulate the effects of the distant singu- 
larities. The parameters of this pole are determined by 
imposing the threshold condition. Both s and p wave 
amplitudes for scattering by an exponential potential 


are calculated. 


Part. LL 


The Veneziano model, which does not satisfy uni- 
tarity, has had remarkable successes in predicting the 
low energy behaviour of many scattering processes, like 
Ty, tmkeandukKeseatterings. “Inethiskpart of y the ythesis 
various aspects of the Veneziano model are investigated. 

The s and p partial wave projection of the Vene- 
Sane amplitude has been made for 11, 1K and KK {and KK) 


scatterings and the scattering lengths have been calcu- 
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The TT TAS reaction has been discussed with an 


alternative way of imposing the Adler zero condition 


on the amplitudes. 


O 


Finally, the Koon ty and KO+ 


2 


Sidered in the pole model, in which the intermediate 


yy decays are con- 


state is taken as an off-mass shell pion rather than 
an on-shell pion and the strong interaction -part des- 


cribed by the Veneziano model. 
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PART I 
THRESHOLD PROBLEM IN N/D METHOD FOR PARTIAL WAVES IN 


POTENTIAL SCATTERING 


iM 


P 





Introduction 


The N/D formative has been extensively used to 
calculate the partial wave amplitude satisfying unitarity. 
Tf the discontinuity across the entire left hand cut for 
the partial wave were known one could, via the N/D formalism, 
generate the exact partial wave amplitude. An exact solu- 
tion would also satisfy the.correct threshold condition, 


namely, 


£, (vs) ~ ( s)* as Se OFe, 


where /S is the centre of mass three momentum. In practice 
one does not know the entire left hand singularity and one 
hopes that the effect of the singularities nearest the 
threshold would be large and thus the calculation of the 
Necunet1on (and) therefore. of £,(s)) proceeds with the 
neglect of the distant singularities. This type of appro- 
ximation does not always yield a partial wave amplitude 
which-satisfties the threshold condition. The vanishing of 
the partial wave amplitude for 2 2 1 at threshold can be 
looked upon as a result of delicate cancellations between 
the contributions of the left hand cut and the right hand 
cut. Any. approximation.to the left hand cut will upset 
this delicate balance. One way to enforce a correct thres- 


(2743) 


hold behaviour is to work with an amplitude 
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This however leads to unpleasant high energy behaviour and 


(3) 


a cut-off is required inssuchs.cabeulations:;toskeep 
integrals finite. 
An improvement in the usual N/D calculation can be 


achieved, as suggested by ative 


lana FetelebMevem xeoy qelyts 
nearby poles a pole on the left hand side to simulate 

the effects of the distant singularities. The parameters 
of this pole can be determined by imposing the threshold 
conditions. Based on this idea a calculation has been 
presented in the following chapter for the scattering of 
spinless bosons by an exponential potential whose s wave 
phase shift has been discussed in detail by some eerhora ho 
The scattering problem has been solved exactly for & = 0 
and 2 = 1 and the exact result has then be compared with 
the various approximation schemes. For an exponential 
potential the exact solution for &£ = 0 can be written down 


(7) (8) 


analytically RVeneenougnalobss-wave there 1S 4no 
threshold problem as such since to goes to a constant, we 
have evaluated this constant in various approximation 
schemes. 

The s wave problem is treated in Section I and the 
p. wave. problem ingSection 1isof,Chapter 1. ihe) exact 
phase shift for p-wave was obtained by a numerical method 


suggested by Caloaere. 2 e 
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CHAPTER a. 
N/D METHOD FOR SCATTERING BY AN EXPONENTIAL POTENTIAL 


We shall study the scattering of two identical spin- 


less particles of mass m by an exponential potential, 


ie = 5 er (igen) 


Here \} is a dimensionless constant and g has dimension of 
masse Gr )) of MUL) ersethe susual potential V(r) multiplied 


by m/ti-. The radial Schroedinger equation takes the form 


2 
dvu(r) , eee Un) (RFI) u(r) =0, (lee) 
2 Z 
6G 10 
where s = kK? = mE/fi* . The total scattering amplitude is 


defined in terms of the partial wave amplitudes as 


(cp ReCOs0) at) a (2%) Pa (cose) t (s) s, (a8) 
4 Q g 
L=0 
where 
L628) 
£, (s) = e Lu Sind, (s) = ee . 
eS ; Vs cots, (s) — A/s 
(1 #4) 
Section I: S Wave.Solution 


(3). ExactuSolution 


With an exponential potential the Schroedinger equation = 


is exactly soluble for s waves and the solution is given py D) 
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2S lapse nae + be) (ae 1S (1.5) 
The coefficient gf and 6o 4 are as follows 


(¥) < H2i/s/B 1 eS 
Dees ) 0 (J. o3 vag (eva) YX rl 2 20 =) ; 


(el. 6) 
where Dot ae ee Ussttncebessce! = function of order 
2ivs/B) and [(1 £24 a) is the gamma-function. 

The s wave amplitude is then given by 


cS) 
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1 w) (Si) ti — one) 
23S 6S) (s) 








£,(s) = : (ieTy 
By expanding the $ functions in powers of A and s and 
retaining only the first two terms in each expansion we 


find the phase shift given by 


Vs coté, (s) = Rel£,(s)] = [1- BA + 0(A)] 
Ss 9 2 2 
as [2 + Ter a0 Cam atts.) a (Gkaiey) 


Equation (1.8) gives the exact expansion for cot 6 (s) 

for small 4 to order A° and to first order in s. In the 
remaining part of this section, we shall solve the problem 
in various approximation schemes and then compare the 


results with that of equation (1.8). 
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Peeehe asymptotic, dimiteats > ©) of the exact solution 


is taken, one.finds’ that 


VS coté (s) re Gy Senaeieo noe (1539') 


which we shall see is the first Born approximation. 


(2) First Born Approximation 
The first Born approximation to the s-wave amplitude 


is given by 


£,,(s) =- =f sin? (/sr)u(r)ar = SA 4, . 
0 Shar Gs" 72") 
alee INO) 
Let us write this as 
. 2 
fipls) = ri/(s ci a7) . Cais) 


with ry =SpA/ 2. and at = 7/4. Thesfirst Born approximation 


gives a simple pole on the negative real axis. The phase 


shift is given by 


(dts f n a8. . (112) 


Vs cots (S)n= olf 
Comparing this with (1.8), we see that it reproduces the 


1 


order N* term "Correctly..." To produce terms of order te 


we have to go to the next term in Born series. 
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(iii) Second Born Approximation 


In the second Born approximation the s-wave amplitude 


is given by 


£i,(s)+ & ff eiier uur. Citerr. U(r) can (ysr. ) ar ‘dr 


(ele ls) 


where G(r,;r') is the Green function, 


te pete caer Con sn) £O ras tae 
vs 
© sin(/sr)cos(/sr') Fae Nl a rae 
/s 


After carrying out the relevant integrations in Geis ee 


we get 


V/s cots) (s) = es GIB) 


Le ap © Sevan oe 
Eye lee ahi Mba eN) (1914) 


Or Sha bilas. “To order ‘ and sLO Once rns mtu sesolutai on 


Coincivaes: with. the exact solution (1.83). 
(iv) Determinantal N/D Method 


The N/D method in general consists in writing 
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where Ny (s) is assumed to be analytic in the s-plane apart 
from singularities on the negative real axis. D function 


on the other hand carries the right hand unitarity cut. 


Cy) 


Thus 
1 oT: ds'D, (s')Im f(s") 
Ny (s) a= se atace GL 2416) 
ana Pee 
eas stay se N,(s') 
Dy (s) = fl is a ! SEreaclae ara ow Ae ea gia 
CEI) 


The determinantal approximation consists in assuming 
thatewese Nefunctron be approximated by-the first Born 


cerm; thus, 


N,(s) = fin ls) (is) 
C0 y Se teers.) 
ae meen AO Livee) Of 4lhs emia (N49) 
O T™ 6 SSS IS 
This approximation has the advantage of simplicity. It 


also ensures the correct threshold behaviour for £21 
partial wavessince the Born term satisfies the threshold 
condition. In a situation where an exact solution of the 
problem is difficult to obtain one hopes that such an 
approximation which amounts in a sense to the inclusion 
of only the largest range forces gives a reasonable des- 


cription at low energies. 








y Ped ri inf ; +. aa P—"Eo. feat jortio cath @ a0 - 


4) 
42 see 


- i = — 
i ’ e = 8 t 
f 4 - * 
_ —— ——— ; a \< 
- z 
"rr iL > 5 
i. ¢ 
- I 
ma SS : t «. $8) 
i = 
Ley 
ie . erenire “4 24 ? 7a-¥ 
a Spee ; . es ; “s + aw . + 
oe 


i ee de ctapexowas ae 


et 


FS 


eee 2S poses ins= s5sse 5 Sysdw austéasia ot .teisthass 
py sisce gard eaogcdt aw cissds ay tiwei Seth =<: eetdaee 
- » 


nb 3 









Supstueutinge (1.10) “ane (lo) zone gets 


D, (s) =1l1- —— Gi Z20)) 


and 


a4 (ay- Dae aS -1 


f(s) - i/s] , (Gl 2a 


II 


1 


The phase shift is given by (using parameters i and 8 in 


favour of Ty and a) 


YS coté.(s) = ee ie Se (1.22) 


e -l 7 
We notice that the order i terms have been repreduced 


correctly but not the order h- terms. 


(v) One-pole N/D Method 
(8) 


The exact solution of the s-wave problem shows 

that we have infinite number of poles on the left hand 

side. A correct and exact description of the scattering 
preeeess FiniN/Ditype Cbycalculation must take all these 

poles into account. Let us first make the simplest possible 


approximation and take only the nearest pole into account, 


then 
2 
Im £A(s) = -mT,6(s +: ay) LOG Ss ees (12:3) 


From (1.16) and (1.17) one gets 
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where 
eee eee A64) (1.25) 
Lo 1 ' 


and 


Dis) =1-——=— (1.26) 
a, 7 ivs 


Pieiseclearserom (124) that the one-poles approximation 


normalizes £,(s) to Finis) ea So af whereas the deter- 
Minantal method normalizes £,¢s) to fiz (s) at s = ~, we 
then. get 
2 
7 7 a, Rk, +s eds 
f(s P=. | - ivs] , Cheer) 
oO Ry 


and the phase shift is given by 


/s coté,(s) = ake epee nee EE a dee (1.28) 


2h 


The leading terms are again correctly reproduced but order 
1° terms are incorrect and also different from that of the 


determinantal approximation. 


(vi) Two-pole N/D Approximation 
Torsimulate the yefftectjo£t all but the nearestepole 
we shall add-another pole to the left»of the nearesr pole. 


Thus one writes 


oo Doge Vf 2 
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with ry = BA/2 and af = B-/4. The parameters of the second 
pole could be determined if the two boundary conditions 
could be imposed on the partial wave. For partial waves 
Peete werresne. a. COondtevon would be an Vvobvious one to 
impose. For s-wave no threshold condition exists; however, 


we may demand that fis) oi (Sasa sie. Oe Lnusy only one 


ie) 
(the residue) of these two new parameters can be determined. 
We have varied the other parameter (the position of the 


pole) and looked at the solution as a function of this 





parameter. On using (1.29) we get 
R ik 
Sie) = et : (1.30) 
o set a isi Rie Ke) 
i 2 
R R 
D, (s) = ae 2 ee > A Cis DL) 
Ona ivs Qe ivs 
with 
= = i= : coe 
Ry ts D ( as) neha! (1 ) 
If now we demand the boundary condition that 
£e (a) oe PY. See cealiny, (1.33) 
Oo he i 
S70 
we find that 
Pee RE Le Doce ee) (1.34) 
2 if 2 1 
or 
R R R R 
: Bi 2 . eel eee 
Ro [1 ora arate ].= R, las ae aes Hees UL S oy 





Prom, (bh. 35) xand (1.83) we obtain the following 








2a Ta 
ily c-eil 
PND SOE Se 
ieege Oy + Ql 
Ry Font CL. 36) 
a + 204 = = , 
ling? 
ry 
ra aL F ; Cie) 
De a 
: iy < 2h ~ 0,405 
Tees 
Since ry 1S) proporetonal sto un, R, SCALES -O. belie We as 
indeed it should. The phase shift is then given by 
is Re Do (s) 
/s cots. (s) = “N=¢s) 
O 
2 2emee OB 2 2 
4 Ss ts (ajta5j-R) a4 Ro O54) Fj %5-R, A, Ag - Ro A507 
- 2 2 : 
Rj (sta5) + R, (sta; ) 
C13. Ge) 
Expanding in power of s and A we get 
= g eres 
vs coté (s) = Sal le (5 et eel 
8a 
y) 
2 4 
Ee CE ies ee eae io pe (1.39) 
X 2 2 4 
40.5 320.5 


We summarize our results in the following: 


Parameters: 2’ =.0.1 “and 
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le 


(i: \aabuactikeays cots (s) (Ae687+-04Ad )+120.5640 Qoodis 


(520080 () ) = (020.00+0'()) ) Ss 


iH 


(i) errs tf Born: 
(iis) oe Cond phorn:: = 4.687 4+0.().) 14020 5670 ())) s 


(iv) N/D (Determinantal)= (4.5+0 ())+(20.004+0 (A))s 


II 


(v) N/D (l1-pole) (4.75+0 (A) )+(21.00+0(A))s 


II 


(vi) N/D (2-pole) (4.540 ())+(20.004+0(A))s (1 .=%5) 


I 


Cae Gor +r) a (20. 5640-4) )s (a 5=1) 


(Aaa 0 Oc) yer 20. 950501) ))'sta( a =—o) 


II 


CIAO EO et (205 OO) is (a,=10) 


(Ae 520) a2 00-0) Ss (1570) 


fess clear that up to and including order »° terms, 
the second Born approximation and the 2-pole N/D method, 
with a5=l, Givemtherexacudsoiutbion.|/pihis is only to be 
expected since the second Born pole is located at O5=1. 
In the two-pole approximation if the second pole is super- 
imposed on the first pole then the solution is the same as 
that in the determinantal approximation. This result again 
can be understood once it is realized that in the two-pole 


approximation we did impose the condition that fo (Sdesetip ls) 


which is automatically satisfied by the determinantal method. 


Section II : P Wave Solution 


(1) “Exact” Soluciton 
The Schroedinger equation for the p wave scattering 


from exponential potential cannot be solved analytically. 
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KS) 


We adopt the method, given by Calogero mec asnumerical 


solution of the integral equation 


tané, (s,r) = - U(x") 4, (var') - tané, (s,r")fi, (¥sx')}“dr' 


Oe 
omR 


(1.40) 


where the Riccati-Bessel functions 3, (Vr) and n, (sr) are 


defined as follows: 


3, (sr) = Ysrj, (/sr) 


n, (vsr) Ysrj, (/sr) : 
in which “yy Se) and n, (Ysr) are the spherical Bessel 
functions of the first and second kind. 

Tes Eine Lon tand, (s,Xr) satisfies the boundary 
condition 


tand, (s,0) = it) and tané, (s,;r>~) = tand, (s) 


where tand, (s) is the tangent of the phase shift. There=- 
fora ek the Value or boing) .40) 15 taken tO be wlarge 
enough in the numerical integration, we obtain the value 


for tans. 


(ii) The Born Approximation 
When the first Born term is calculated, we obtain 


the following 


: rt 
: 3? 7 
1 Mi 
, 
> io 
2 
ae 
i 2) i>. trie SEES 
no ) garni 
: . @ £ 7 ary 
‘its ieee 
— J 
’ = bad Du wa? oFingt? 
Z * r 


“Sumi? =. S244 mae J120GE9 oa es or sp teae 


aos 24 


¥ _— apis) ad mi iSae oy 7 ' | sh r } as > | 20 sale" jaset te 
fan aw wokdenpetind, i ce vit ath 


eee 


ap, | 
s 













14 


2 = 3 
AB ce 2S+8 ees 4s 
fips) 5 [s+ ie (eee) Tea ino Ta CLs) 
As 8 
which has a pole at s = Bao 7A and a cut runs from s= -8°/4 
to.-*.- It’ seems that. we have also a pole. at the origin, 


but when we expand both the terms in (1.41) in powers of 


s, the terms like = are cancelled. As s + 0, we also 


find that - 
FAa(s=0) = 0 LO) 
Ale (S50 it —08)/3 (1.43) 
gud es (220) = -321/6° (1.44) 


The appearance of the cut in the Born term makes it 
quite inconvenient to solve for the p-wave amplitude using 
the N/D determinantal method in which the N function is 
feken asthe fiest Born term. “Thus, to simplify the cal- 
culation in the N/D approximation schemes, we shall make 
a further approximation of the first Born expression. ~ We 
ehabl simulate tthericut by avpole and write the Born expres— 
sion. in term. om twospoles, in, which the first pole is 
located at s = =p 74 ogres and the second pole at s = -s 


whose value is yet to be determined 
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where lip and lop are the residues. Imposing the conditions 


(1.42)-(1.44), we get the following set of parameters 
iS 2 
(op =o ee Ton = SBA and s,,= 5. (146) 


Then, the Born term, which we expect to be well-approximated 


at low energies, becomes 


va es Br : 
fip(s) = et 


BSy a z 8 3s + = B 


(1.47) 


The phase shift obtained from the approximate first Born 
term is given by 


1 pneS Sal | 
Log iss + Gest gel - (1.48) 


(iii) Determinantal N/D Method 
We take the N function to be the approximate Born 
expression, (1.48), in which the Tete haend cuc has, been 


replaced by a second pole, 


il 2 
(Se )iRA (=) BA 
: fe ate 


News) =g-—-——— 5 (ice 9) 
LE _ + (82) a 


oe 12s 
When substituting (1.49) into (1.17), we get the expres- 


Sens Core DetunctLom? 


p(s) = 1+ pH - = HS, (1.50) 
Dor ivs Y28- VS 
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The phase shift is then given by 
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(iv) Three Pole N/D Approximation 
Here, we approximate the left hand singularities in 


terms of three poles 


_FEr 2 > 2 5 Es 
Im £, (s) = mT, 6 (stay) mT, (sta) ™T,6 (sta3) CTS.) 


where the first two poles are the two Born poles, that is, 
2 
cmt 2 2 6B ae Pane, 
a4 = /4, a5 = =z with Coe 3 BA and Loe 3 BA, and the 


third pole is added to enforce the threshold condition. 


The N and D functions take the form, 











R R R 
Neh Jo NUE 29 2, Ci ss) 
STO) StO5 Sta, 
R R R 
De CS)e= al p= pea ae erway 2 ee eee (1254) 
L a,- ivs Gn- 1VS o5= 1s 
i Z 3 
where the R functions are given by 
ey ar ees Bop | Heil oh. RES 
i i i. ee oe 4 


There are two unknown parameters, 03 and [., in the above 
equations. In principle two conditions would determine 


these parameters. However as we are working with an 








novin 926 Aderomit tolls 


approximate form for the Born term we can only impose the 


threshold boundary condition, 


= 0, (ise 5.0:) 


With confidence. The second condition that one could 


impose would be the asymptotic boundary condition which 


sb! 


we, in our low energy approximation scheme, cannot enforce. 


However, we can introduce an asymptotic parameter as 
follows. From the exact Born expression (1.41), we see 


that 


(Ss) const 
Born S (1-57) 


We may tentatively set 


N_ (s) R,+R.~+R ely 
ewe eae ee < 
£,(s) = Dy (Ss) aes = ae (Gis a= = ) (1355'S) 





where c is a free parameter and proportional to As and 











c' = Ty would be a pure number. 
By solving the eqs. (1.55) and(1.58), we obtain 
R, > eo ees - ie Gates oreo Oe) 
vee ir, aE eee ore + IGA a ea) #0(07) $ (1.59) 
ieee tee ee) + teat, 
+ " O)Germe cpp cera #003) . 
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Imposing the threshold condition (1.56) on (1.59), we 


get the expression for oe 
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Pi (glee, -T3Poe59 + T yl ae r 
; 2 at a aca? 
rata. 
Spe ni Pesca tlt aad 
(l-c')a sel Hs 5 i (19560) 
After putting the values i -BA/3, a = arian r, eo ONS 
and as = aye in (1.60), we have 
Lee ae : = i > aie a 
= Fis (e"t) (5 2+ di ties +f2 +(6+4/2)c']p". (E261) 


One can now look for the probable values for c'. 


1) dig £) (s) approacheser (S)e= 607 3 3i ne the Tinie 


app.-B 
s + o, then from (1.58) we see that c'= -1 and 
2a = =, 2 
a3 = Z (1 + Y2)8 : 


This-1e not a desirable result as it places the poleminm 


the unitarity continuum. 
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of now takes the value, 
PDAS ae eR RoE = ¥ 7 2 
A. = a [ay (5Vv2 + 7) (Gere Sy 2 )iB@ os 


Thus ae is positive definite only for negative values of 


3 
Pee inis Ls nota desirable result. 
2 
3) We-are not happy with the way that a3 depends on 


lgmuwniene cis required to take different set of values 

for positive aba negative »~. If we were CoO solve the 
problem exactly (numerically) then there would, in 
PEIncipies, be no difficultyeot this kind.#, The difriculty 
arises when we try to solve the problem approximately with 
some parameters determined from the threshold boundary | 
condition and then try to impose an asymptotic condition 


on this approximate solution. Let us now define b via, 


(colby = br OT GAS Jeph Bey (i. 62) 


then 


2 
f= oS Pa RGe os Te Gi = NOL Oe ae 
(0) 
libre) ate, fous es af would not be effected by A drastically. 


Dropping the third term in (1.63), we have 
oi Be (5/2 i eG e 1.64 
ig Pel Sy A etn)b ela yee (1.64) 


which is greater than zero for b > 3-2¥2 >0. 
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: vi £ a 
Te we weite (c 1)T, l, 3, 


and the values of rs and Doe one obtains 


then from’ (1.62) 


Rs wee a inten ue cieordar Xt. 


The phase shift for the three pole N/D method is given 


by 


3/2 co ee Dae Deh a1 
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If we take af = + B° (a choice made with the expectation 
that ez lye then Tr, = Ae 28 We (hind poi sl) 
that 
a ial 1 2,214 /d- 
Ry = 3 BARC 9 BrA* [4V¥ 2-5] 
Ro weds 8% FOuLe Spo es4 I (1.66) 
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es 


 ] 


- 


1 

44 ; 

a 
: 

» am 
b a 
- 

. 

A 
Me 
} 
5 ; 

a 
a 

ry 

: 

= 


23 ov 2 : 
: f » + tome 
: ae 

u 7 





21 


3/2 1 


Ss cotd, = {sBA[0.333-0.0808A] = TOG Os One x 


Se ee Tie 0 0a oo 
4 2 
+ sB4[0.6875-0.2630A+0.0796X7] 
at »6 Q (@ i) a ! a JAE Ss 
+ 6°[0.09062-0.0259240.0060A7]} Geib. Gaps 


The Tresimiteror the. wave calculations are dis- 
played, in.the plots of s*/*cots, versus the energy s for 
Ne eOel and we 40.5 for 4h eka For negative 1 the sthree 
pole N/D method gives better results than approximate 
Born solutions and determinantal results over a wide 
Fangeso: energy... For positive value of A, the tines 
pole N/D method is better in the region where s is small. 
We conclude then that the imposition of the threshold 
condition by putting an extra pole on the left hand real 
axis improves the result at low energies, in the sense 
that it is closer to the exact solution. If the solution 
could be obtained without making any of the approximations 
we have made, it would be expected that the improvement in 
the solution will extend over a much wider range of 


energy. 
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Introduction 


Three years ago, based on the assumption of the 
linealy rising Regge trajectories, G. vane sence 
proposed a remarkable formula which, despite its simple 


form, exhibits many important features of the strong 


interaction theory, namely, it 


(a5) Satisfies the crossing symmetry, 
(ii) -gives the correct asymptotic behaviour, 
Giid satisfies duality, 


(iv) predicts a family of parallel daughter trajectories. 


(2) 


Later, Lovelace evinehis= fascinating paper, -appilied 
the Veneziano model to the mm scattering and 37 final state 
processes and obtained results coincident with the predic- 
tions of current algebra. This initial success led to 
tne Shagestione=” of the close connection between Veneziano 
model and current algebra. 

A further investigation by Kawarabayashi et aaa. 
on the mr, 1K and KK scatterings, revealed that good 
agreement between the s-wave scattering lengths obtained 
from the Veneziano model and that from current algebra 
existed in all cases except the KK case. The current 
algebra result in this case is suspect since the PCAC 
assumption is used in current algebra together with a 


linear extrapolation from the Adler zero point -to the 


threshold for the process. Since the KK channel is not 
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exotic, one expects this extrapolation not to be smooth 
because of the presence of bound state contributions. 

The Veneziano model on the other hand, in the case of 

KK scattering, provides a highly non-linear extrapolation 
from the Adler zero point to the threshold. In the follow- 
ing chapter, this point is further elucidated in the evalua- 
tion of the s and p wave scattering lengths by an explicit 
partial wave projection of the Veneziano amplitudes for 

the 11, TK and KK (and KK) scatterings. 


(5) 


inehovelace Ss paper, the Adier zero was produced 
by demanding the gamma function in the denominator of the 
Wenezieano amplitude to have a pole. From this constraint 
he obtained the intercept of the pop trajectory at zero 
energy to be 0.485, while the experimental result is 


(6) 


Ure oad MeOLyVanGmtlemsame techniques .LoO athe m+ TAS 


(7) 


reaction, Fayyazuddin and Riazuddin derived the 


Weinberg mass agen £OE tn, t a and Ms Since there 
are two invariant amplitudes serving to define the complete 
amplitude for TT TAY process, an attempt is made in 

Chapter III to enforce the Adler zero in an alternative 
way namely by requiring that the numerators of the two 
invariant amplitudes cancel at the Adler zero point. 

The consequences that follow are discussed in that chapter. 


The pion pole model “treatment by Lovelace to (tite 


pn>37, K>3n and n*3n1 processes, was questioned by several 
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(9)= (12) _ (10) 


authors As Sutherland *”’ and Jacob et al. 
had pointed out in their papers that the off-mass shell 
effect of the intermediate pion should be quite large; 

in the last chapter of this part, the Kon ty and KS* VY 
decays are considered in pole model in whrchethe sinter= 


mediate state is taken as an off-mass shell pion (or 0 1 


like meson) rather than the on-mass shell pion. 
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CHAPTERAG 


VENEZIANO MODEL OF THE 11, TK AND KK SCATTERINGS 


Cactione. © LHELoduceion 


The form of the scattering amplitude proposed by 
yeneziano ‘1) has a simple structure which demonstrates 
the Regge pole-resonance duality. It was not intended 
to use the amplitude at low energies. Ina fascinating 


(2) 


yet somewhat intriguing paper by Lovelace the Veneziano 
amplitude for the pion-pion scattering was used in an un- 
expected direction, namely, at very low energies with some 
intriguing results. Among the many successful results 
obtained by Lovelace from the leading term of the Veneziano 
amplitude were, (i) that the imposition of the Adler zero 
demanded that the intercept of the e-trajectory at t=0 be 
~0.485 while there is experimental evidence from the 


(6) 


charge-exchange data Mae teicl 20.577. (11), thes ratio 


of the s-wave scattering lengths ay and a, was Withina0s< 


of the ratio predicted by Weinberg through- current 


(13). There were other successes of the Veneziano 


(3), 


algebra 
model for 1-1 scattering Led by this initial success 
of Veneziano model to 7-7 scattering a great deal of work 
was done on other two-body scattering processes, LOL 
example, 1-K and KK (and KK) scattering with varying degree 


(4), 


of success The evidence most of these works were 
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seeking was the answer to the question; is there a 
connection between the Veneziano model and the predic- 
tions of current algebra. The conclusion one can 

arrive at after the dust has settled down is that the 
Veneziano model has been remarkably successful in repro- 
ducing the current algebra results (say, the scattering 
lengths) for process. involving pions, like 1-1 scatter- 
ing and, though -not successful to the same extent, the 

t-K scattering. It has however provided an entirely 
different result for the KK scattering lengths compared 

to the current algebra results. An explanation for the 
success in .andetK.case and the failure in KK case is 
that if one matches the Veneziano amplitude to the current 
algebra amplitude at the Adler zero point, the physical 
amplitude is obtained through rather a small extrapolation 
in.the external mass (or equivalently s, t and u). Current 
algebra predictions use a linear extrapolation in s, t and 
igiwhtlemtoresmall Ss, st .andeu the gamma viunctions in 
Veneziano model also provide essentially a linear extra- 
polation. Thus one can understand why one has a remarkable 
success for 17 and 1K eoeceeine st In the KK case the 
amount of extrapolation in s, t and u involved in moving 
out of the Adler zero point to their physical values is 
very large and the gamma functions provide a highly non- 
linear extrapolation leading to extremely large scattering 


lengths. 
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So 


Though the Veneziano amplitude has the Regge pole- 
resonance duality it is not obvious that the amplitude 
provides partial wave amplitudes with the correct thres- 
hold behaviour. In this chapter we have done an explicit 
partial wave projection of the Veneziano amplitudes for 
the mai, 1K and KK (and KK) scatterings. We have also 
evaluated the s and p wave scattering lengths for all 


these scattering processes. 


Sseeceronr ii soit, sCatteling 


in nT on Tt scattering there are no u-channel 
resonances since this channel is exotic, having I=2. 
In terms of Regge trajectories this situation is brought 
about by the exchange degeneracy of the p and f£ trajec- 
toriese However, (this reaction 1S symmetric under sJand 
t exchange and one may write the Veneziano amplitude for 
— 3, (4) (4) 


1 n> T (only the leading term has been 


retained), 
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24 2 
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by going, to the p-pole at s = m and identifying the p 
wave contribution with the p pole Feynman diagram. 


The three iso-spin amplitudes for the t-1t scatter- 


Snahimine Ss channel are ‘>’ 
M°(s,t) = 3 [A(s,t)+A(s,u)]- 5 A(t,u) (2.5) 
m*(s,t) = A(s,t) - A(s,u) (2.6) 
M?(s,t) = A(t,u) aah 


and s, t and u are the Mandelstam variables. 
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A(s,t) written out in terms of the Euler Beta function in 


Tes! integra. werner 
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where B(l-a(s),1l-a(t)). is the Beta function 


Phos) le Cleon )a) 


BGl-o (Ss), l-o (tt) )-= r (2—a (s) - a (t)) 


By taking a transformation — = = - 1, one can convert the 
finite range of integration to span the range 0 > ~, 
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Similar expressions for A(s,u) and A(t,u) can be obtained 

by appropriate substitution of t and u into (2.10). 
Tneet=0 parcial wave: Of i(s,t) cangbesproyected out 


as follows: 
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To simplify the above integrations, one can make the 
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The £=0 partial wave, A, (ut), OLPA (a Gh as pro 


yected out in a Similar way as follows: 
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The p wave projections of A(s,t) 


calculated in the same manner, 
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The scattering lengths can be determined from the ampli- 


tudes (4524 be (2.0 2.6.), ANG » (2.233,)e5 
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All these results are in excellent agreement with 


(13). The conclusion one can draw 


current algebra results 
from these calculations is that the Veneziano amplitude 
for 1-71 Scattering (with the leading term) has the correct 
threshold behaviour in the low partial waves and that the 


amplitude has a remarkable likeness to the current algebra 


amplitude at low energies. 
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where p, gq, p' and q' are the four momenta of the parti- 
cles. The Mandelstam variables s, t and u in the centre 
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The Veneziano amplitude with the correct asymptotics 


is given sg 
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The slope a' = 5 (m4 a ine) Ge (2.45) 


The s channel isospin amplitudes are obtained from 
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The s wave amplitude Vx Bee t) is then. projected 
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1 ut 
As a 'm = =o and 20, "mm, ~ g, we can neglect these 
exponents in the integrand. The integration can then be 
reduced to the same simple form as in (2.19). After the 
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Then from (2.46) and (2.47), the s channel isospin 


amplitudes at threshold are, 
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The p wave isospin amplitudes are given by 


1/2 RTI Th BP OP 2 2 22 2 
Si (Sc, Wi=_o 6B 'np. to 6 Tin 2ido (s-m,-m -m,m, 2p )] 
(2-63) 
ByY2 
s3/7(5,t,u) = 0. (2.64) 


1 


The scattering lengths obtained from (2.63) and (2.64) 


are then 


1/2 as 
a 0.0125 m (2.65) 
26 eee (2.66) 


Section IV : KK and KK Scattering os 


cae K(p') 
Consider the KK scattering va 
K(p) + K(q) —~K(p') + K(q') , ess 
Where po, p> and -q ware, the 
particles' four momenta. Since { = 
K (p) K (q) 


there are no resonances in the t 


channel (being exotic), we write the t channel amplitude 


as ee) 


T° (s,t,u) a" (V4 (ars) - V4 (87a) (2.61) 


cL . . 
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Here the Veneziano amplitude is 


P(1-o, (a) TP (1a, (s)) 
ee (2260) 
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and a) and a,(s) are the p and ¢ trajectories with the 


p 
universal slope a' = Ot 5 
eg fain 
ae ars + a'(u m) (2,970) 
als O25 2 
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In the centre of mass system the Mandelstam varia- 


bles) s}).t and tucare defined jas 


s = (ptq)* = (pota,)* CGA Ds 
t = means 4mi-s+2p* (1-cos) C2) 
u = (p-p')7= -2p* (1-cos8) (2.74) 
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where the three momentum of the K meson p is given by 
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The s channel amplitudes are determined from the 
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To exclude the ¢ pole in the Sc amplitude, we impose the 


eondtion that. 6" = —a..,.nence 
fe) 
Cera ACO u;s) t-V Sei Poe Abel 
Soe ene Cote) (2:78) 
pd 
and 8" can be identified = -4 ae 
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In the case of KK scattering we cannot write 
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To calculate the s and p wave components of the 
amplitude Veg (Urs) s we first write down the integral 
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Using eqs. (2.77) and (2.88), we can calculate the s and 


p wave isospin amplitudes for the KK scattering. 
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The KK scattering lengths derived from the amplitudes 


(2292) (2.95) are 
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To avoid the divergence of the second term in the last 


bracket, the more precise value of 20, 'me = 0.45 has to 
be used instead of 0.5. One then gets 
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The results on the s-wave scattering lengths, eqs. (2.96) 
rd~ (2.97) coincide with=those of the Rawarabayashi's”? 
calculations and are quite different from the current 
algebra predictions. The current algebra prediction for 
KK scattering lengths is not expected to be very good as 
the KK channel is rich in bound eteeee and the extrapola- 
Gecuecrom the Adler zero point ptostheske threshold is 

not eerted to be very smooth. Kawarabayashi claims 
that the large KK s-wave scattering lengths are in good 
agreement with the experimental data‘-/ 

Working in the t-channel, one gets the amplitude 


for the KK*KK process. The isospin amplitudes, as given 


earlier, are 
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In the t channel centre of mass system, the Mandelstam 
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Along the same line of treatment as in the previous sec- 
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3 ep a) 6) 20 eee 

Ty (KK) = - = pa'p"(m,+2p") In 2 (2674) 
1 z 8 "W 5 

T)(KK) = - = p*o'8"[1 + 2a! (s-mf-2p*) (J-In 2)]. (2.115) 


Brom chese amplitudes (2.112)=(2.115), we get, the follow- 


ing scattering lengths 
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Since the KK scattering amplitudes do not have bound 


states or resonances the deviation from the current alge- 


bra results should be small. 


In the case of the KK 


(18) 


s-wave scattering lengths this is true . 





CHAPTER VL LE 


VENEZIANO MODEL OF TITAS REACTION 


Section I : General Properties of the mm+mA; Scattering 


Amplitude 


Consider the reaction 


t (q) + 1 (p) +m (q') + AT(k) , 


where q, p, q' and k refer to the particle four-momenta. 


The Mandelstam variables are 
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conservation there are three independent four momenta in 
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write the amplitude for TTT AS as?) 
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Under the exchange of s and t, we see from eq. (2). that 
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The amplitude T (s;t)"inm eq. (2) can alternatively 
uf 


TT ,7A 


be written as 
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im the s channel, thes contribution. of the ip=pole 


to the amplitude (Fig. la) is given by 
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where K=pt+tq is the four momentum transferred, 2 1 Sete 
polarization of the p meson and the coupling constants 
are defined as follows: The m (q) + rT’ (p) eo (kK) 
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By a rearrangement of the parameters in eq. (3.5), we 


can write it as 
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The contribution of thero (the OW o-daughter) to | 


the amplitude;s(Fig. 1b) is given by 
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The coupling constants in (3.9) are defined as follows. 
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Compare eqs. (3.9) and (3.9)-"te (S24),, one finds that 
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Zavana Fag. 2b). 
+ + nm (=q') at (k) 
Pata o (K) 
Tt (=a) T (q) 1 (-p) 
Pig. 22 ke pen 748) 
At 
_ = +2q%)).. nie Ke k. 
to-contribution Lgank™ 2a) oO reno q Gp ( nyt ane 
p 
2 2 ut 
ee 1 = = =f 
= Shay ee NG. penlG. See t ge) api 
fe) 
Ge head 9 
=- a Bis 
To-contribution *SonnIonA, co eaane ( ) 


p 












7 
4 





$ed8 ebatt ono ,.(@.f) of (#&.-£) coms (6.2). ape oxssgun? 
‘ 


a 
L wp aD to (ae mt +) om) = <2] p : « =(3,a)4 


~~ sAro- hiro” S ‘ ~£ ci 2 rvg 


I : > 
ja :] int “$F oper i +> ~ -— = 
— ; Bees im ~ = (3.878 
(er : 


LO ia on ho .46 TO ,vizteal imi2 
(S719 Sfi-s itt ies his ©£¢dg, oF enoigodritaeo 


‘aS .o29 bas of 


i} ‘ \ 4.7 7, : x > af 
\ é _ ( of) ES \ i ’ f--} w 
. , 7 *, eg 


dS .pst BS .ped 


PD 043) ats I Ope | nef eSea) D Fane's ad 
a qe sy 9 Br a toisndzaanoyage 
+ q 


4 
: os the £ ; 

VO ed ? a — 7). ine - ' watt | 

init ait + gig? Boa Ons. ps att 


f 
if 
oa 

a 


ae : 
— 


5 






mn _s 


= 


65 
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Carrying out the partial wave expansion of the 
invariant amplitudes A(s,t) and B(s,t),; in the t channel, 


one obtains for the two helicity states } = 1 and 
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1 
Se [wok (“A+3B) -qce. (A+B) cosé _] = eT ar gp coetea. 


cia 


t 1S ea 
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Phere ogre, (rome Sos. Foley aoe le) (3616), (3. 17)” and 
the above equations, one obtains the asymptotic behaviours 
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ACcording, to the Adler's consistency condition ’>’, 


the amplitude for the TT TAS reaction vanishes as one of 
the*pion four momentum goes to zero.* Hence, from’ eq. 
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Section II : Veneziano Model for t1>7TA} Amplitude 


One can write the Veneziano formula for amplitudes 
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This relation is also obtained from Weinberg sum-rules 
based on chiral symmetry. This has been the usual procedure 


pursued in all the published works. 
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Notice however that both A(s,t) and B(s,t) have 
gamma functions multiplied by a polynomial in s and t. 
There is therefore an alternative way to enforce the 
Adler zero namely by demanding that these polynomials 
vanish at the kinematical points required by the Adler 
zero. We have followed this procedure to see what con- 
sequences follow from it and whether there is any 
evidence that this is not a consistent procedure. Thus, 
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AYE) = r (2 30) 


where g' is the slope of the p-trajectory, and 
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where A denotes the helicity state. Using ie G.m_, 


one can estimate the ratio of these partial widths. 
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Geel e ce a—10eq then mG, and this gives 
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CHAPTER IV 


VENEZIANO MODEL OF Kon ny DECAY 


Section. 1, shrveroducti on 


in ethe pole model prescription for Chesdecay “pro- 


CEeSSe Su, 


i 


the initial particle is envisaged as converting 
weakly (or electromagnetically) into an intermediate 
state which subsequently decays into the final state 
through strong interaction. Since the successful appli- 


1 to the wn scattering and 


(Zn) 


cation of Veneziano mode 
Spectra in 37 final state process several authors 
have used the pole model, with the strong interaction part 


of the decay amplitude described by the Veneziano model, 


to calculate the K-31, ee OD nee ard 
KOom ny 07 decays. 
(9) (10) 
Sutherland and Jacob, eteal. considered the 


K+3n and n>31 decays in the pole model and showed that 


the contribution from Fig. 1 dominates that from Fig. 2. 
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In the works of references (9) and (10), the 


K> for the K meson going 





transition amplitude <n Hy 
into the intermediate pion state is calculated in terms 
of <mm (0) |H_, | K> using the current algebra. Neglecting 
all off mass shell effects. they obtained an amplitude 
for K>+3m which was about 6 times larger than the experi- 
mental result. Therefore, they concluded that large off 
mass corrections were needed for the weak vertex and/or 


strong interaction part. 


(12) 


used the pion pole model for Koon Y 


Rockmore 
in which the K meson converts to a pion weakly through 
a phenomenological mixing of K and n mesons with the 


Prowe(nig. &3yer IWith theluncettainty inethe sirgn 40f n-7° 





|e pees) 


mixing relative to the K-1 mixing and also in the sign 
introduced by a model of PVV coupling, he calculated the 
branching ratio r(KS+n my) /T(K9+all) for all the possible 


sign combinations. All the results lie within the experi- 


mental upper limit of 4 woe 62 es 


In the paper of Dass and Kamaa A? on the magnetic 


ae te A , 
radiation in Koon 1Oy decays, the intermediate state was 
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taken as a JP = 0” q-like meson. They estimated the 
amplitude for the transition of K meson to the 7-like 
0 intermediate meson (1') by; relating; the Kron ny 
amplitude to the t decay (K>31) amplitude whose size is 
known experimentally. The function y defined in their 


paper 


i ae 


embraces all the off-mass shell factors and hence takes 


care of the off-mass shell effects in the K-1' transition. 


Oo 


Son Ty decay will be) treated 


In this chapter the K 
along the same lines as in reference (22), that is; che 
intermediate state is taken as an off-mass shell pion 
(or 0 a-like meson) rather than the on-mass shell pion. 
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Themtbansitson amplatude stor Koon Rees 
is evaluated in three different ways in Section II and 
the decay rate for Koon mY is calculated in Section III 
Of this: chapter, 

As a test of the validity of the transition amp li- 
tude ae eae ie the pole model of the KSeyy decay is 
investigated in Section IV. There, we make use one (lets 
results for Ragen jae amplitude obtained in Section 
II and consider the decay of piOsyy, according to the 


° ° . oO 
vector meson dominance model, going via the m' +ow or 


nt Ospy processes with p and w meson coupling to the final 
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State phetons (Fig. 4 and Fig. 5). 


Pan), 
paige 
re) O z 
1 
Ko TT 0 
Pence ed eed 
~ 
Se 
~N 
Ww 
Bos 
y 





Fig. 4 


Oo we 
Section II : Transition Amplitude for Re oe vy Decay 





To sOrder en thie. cecay, Koon my will proceed via 


thes‘adarect process’ (Fig. 6) and the “Lnnerbremstrahlung 


process’ (Big 7). 
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If we assume cp invariance, then the processes @ue amakeps f/ 
would not be permitted. In the pole model we shall break 


up the vertex of the direct process (Pig.)6)) in sthnevmanner 
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If the AI = yp rule holds, the intermediate state should 


be either a cp = -1l and I = 0 meson (n-like meson) or a 
cp = -l and I = 1 meson (tT -like meson). In the. previous 
Calculation of Rockmore ‘12? there are too many unknown 
paxsemeters. We choose to restrict ourselves to the 


discussion of the qw-like méson as the only intermediate 
poLe in the transition and neglect the n pole contribution 
(and the t-n mixing effect). This model will then have no 
free parameter and our calculation would serve to deter- 
mine the adequacy or otherwise of such a model. 

The part of amplitude describing the transition of 
Koon is written as 

<n! fH [KQ>/ (mye - m2) (4.1) 
where mo is the effective mass of the t-like meson! i’. 

Damthe strong iIneeract1on part, making use of the 
vector dominance model, the m-like meson (1') is envisaged 
as decaying into ren V state where V is a vector meson 
(po, @ Or W)which couples to the photon. With G parity 
equalita -1 forthe 1-like meson; the final stare nin Vv 
rsvexpected to-be in’ G — -l state, because G parity ais 
conserved in strong interaction. The G = +I 9 meson ? 
cannot participate the reaction, since the G parity of 
the mmo system will be +1. In the quark model with ideal 


nonet mixing, ¢ is made up of strange quarks only ($= -X) 
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while the t-like meson is made of p and n quark-antiquark 
combination, therefore » would not be expected to couple 
to a 3m system. w meson, with G = -1, is the only possi- 
Dle candidate ttenrut i thampicture. 

If t' were an on-mass shell pion, then we could 
apply the Veneziano function to describe the strong 


(1) 


interaction part and write the amplitude 


ACHE RB Se meee i ee ‘i Bru! ‘ 
with 
; ~ metro Ge) Cleoly)) 4.2 
By ni T (2-a (x) - a(y)) - (4.2) 
where eae ite is the strength of the Veneziano amplitude, 
Tv 


we wero che op trajectory and Ss, t and uvare Mandelstam 


variables 


ht Sate SE yee ES Oe eo (4.3) 


K, k, p and q are the four momenta of the K meson, 
photon, rT’ and 1 respectively. The amplitude A (1w>TT ) 
is symmetrical under the exchange of S,) tyand us) vor ean 
off-mass shell 1' meson, the amplitude A(m'w>nm) is only 
symmetrical in t andu. The general. form for A(i'w>nT) 


should be written as 
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Cm = 

(1 won) Dre ieymretenista B oun EB iy! if 

or 

A (1 'w- = = 

(1 'w>tTT) Cea Bee ee) Bee eer (4.4) 


where the parameter § measures the deviation of A(t ‘w-nmT) 


from A(tw-mtt). Normalizing the amplitude for r'w-nt 
ate Enea pO le sae, Gan beyidentitied as 
WT", 11 
= t 
Pom! at = Sontwlorn f LGR) 
where 9‘ is the slope of the 9 trajectory (a'= 0.89 Gev*). 


Wemsial) assume G:a, to be the same as ig where 7 is 
om 'w OTW 

the on-mass shell pion. ee is defined with all the 

Berti clessongtneir mass shelis and is related to the 

experimental p-width. 


Finally, it follows from the vector meson dominance 


model that the strength of the coupling of the w meson to 


the photon is given age 
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where Y is the hypercharge and eae? Te are the sources 


of w and ¢ meson. The total amplitude for Koon ay is 





2 
given by 
oO Oo 
<7 iy Le > 
Ot = ] 
A(Ko>T T Y) = 5 | 2 ae Pee a Be cB! x 
Mae — lee, f 
K TT 
e sing wi ee 
Coreen auyehs eho mee mat naka 
yi 


where € is the polarization four-vector of the photon. 
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O ;O 2 
be calculated except <t' | Bok K5>/(m,-m_,) - In the follow- 





ing we describe different models to estimate the size of 
this quantity. 
(1) If w'° is an on-mass shell pion, then current 
algebra can be used to relate the transition amplitude 

O O On O O : : 
<T | Hoye [K5> to the amplitude <1 7 (0) [Hy |Ky>s in which 


(9) (10)_ 


Tf 1(0.) tis rassoftepiion as 


ei. |e LK, >> S82 £ <n (0) [Hy | Ky> ‘ (4.8) 


where f is defined by the PCAC hypothesis relating the 
divergence of the axial vector current to the pion field, 

= 2 hs en ® Oo 
Bey == f mo, and f. ~ OI Mev. ele we take <12 i (0) [Hy [Ky > 
to be the physical amplitude which #5 (49) ORR ORE os 100° Gev, 


we obtain 
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Oo O 2 2 - 
' LH nel Kae 7 (me > m4) = Gyan Ht) A (459)) 
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Let us look at the pole model of Koon mo decay 


(Fig. 1) whose amplitude is given by 
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where 
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and g, when normlized to the residue at the p-pole in 


T£ the value 
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tteri roa i b = A 
Teescaerering, +s given by 6 eon corn 
Come soe cS pute an (4.10) ewe obtain A(Ko>0 1 1°) at the 


: i 2 2 
centre of the Dalitz plot (s=t=u=-~+m_ =z 0.1 Gev ) 


§ TT 
EGE bess <5 Sai bans which is about six times larger than the 
experimental eae (0.89+40.03) x Oe Hence, the 


off-mass shell effect is expected to be large. 
(ii) We may reverse the situation and take the amplitude 


A(KSon 1 1°) as a known quantity and calculate the size 


of ciel et Ko7/ (ne = m”,) in which 17'° is an off-mass 
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in the pole.model, the amplitude for Rac ea Tsegqiven 


by 
+ 
<a | | H | K > 

+ ++ -) © wk 

A(K on 1 TY) = Reged eet oe Vt : C4513) 
K 7 

where the Veneziano function Vee LoLoet ined) nas 410). 
At ethe centre of the Dalitz plot (4.13) becomes 

+ oo+ + - + + Pe 
Ake te iy). = Oah2 Bact | FOES >/(m-m 4) : (An 14) 


With the experimental value of ‘29) A(Kon a tT) = 


2x (0.9640.02) x 107°, it follows from (4.12) and (4.14) 


that 


eat Wosy eae Ay = geiene me (4.15) 
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which is consistent with the result in (ii). Thus in the 
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following discussion the value of Taba tins 57 / Geena) is 
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From eq. (4.7) the total amplitude can be written 
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After all the values have been introduced in (4.14), one 
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We have shown in Appendix thavetheniunc&i O7ebedoes mot 
Vary appreciably over the Dalitz plot and hence can be 


regarded as constant. We shall take an average of B, 


Be=ehL Veo +50ha to. 5. (4.20) 
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After the integration in (4.22) has been carried out, 


we obtain 


m2 
Pe ee aan. 
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The branching ratio for Kon mY is then given by 
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If the off-mass shell effect of the intermediate pion in 
the strong interaction part is ignored then €=1 and the 
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above branching ratio would be 0.76* LOM The experi- 
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The value of |&| would have to be of order 10, if ee 2) 
were to be of the order 10.7, ‘Thus it seems that a simple 


model with essentially one parameter € can account for the 


observed branching ratio. 












all 


iGea nnd (G4 00 , fet mide Ywstol any 30334 . 


cieddo op @ 


¥ 7 
5 
. 


~ 
. 


ae 


4 -224 = 


<a 18.03 3 L 
< ; at =) >. O08 £1] roy Th - 
% epee’ tiiee’¢d on? 
; = > © 
: 7 es ’ gal 
- y ‘ , Th = ‘ane -— —_ 
- °4 a he 
MHoelang 
cc) 
4 ; 
Ah Wei at athon : 


is eee eat Bt ' al? RE 
sna syle a> (nl) borsm iiay Gittossaeas fuse. BYE] : 
ei 2- - 7 = 
SOE. UES OT. od bivcw ettes getiiciad engeh 
. = . ; — : " 
; nae eee , ha _ oe 


ie 
an F = a , 












88 


Section Lv. Decay Rate for KS>YY 
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pole model, as 
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where Ki and Ky are the four momenta of the photons and 
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We may use the vector dominance model and couple 


the second photon to an w-meson (Fig. 5); then oe a 


Vf 
(22 , ; 
(4.24) is replaced by ) Coat S Meey 2 Se Here, as in 
Sections iis, Oar is assumed to have the same value as 
Soe in which t is on the mass shell. The amplitude now 


becomes 
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